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1 Introduction 



Since the Zamolodchikov's seminal paper 0, the two-dimensional integrable 
field theories (IQFT2) have been the object of intense analysis. In this frame- 
work, the role played by the conformal field theories is central. The conformal 
field theories are a subclass of two-dimensional integrable quantum field the- 
ories corresponding to the ultraviolet (UV) or infrared (IR) fixed point limit 
of the renormalization group trajectory of any quantum field theories. An 
IQFT 2 possesses an infinite set of conserved charges, and the constraints 
due to these conservation laws on the scattering process are, in any case, 
very strong: there is no particle production. Absence of particle production 
implies that the S-matrix is factorizable, so the S-matrix for any non trivial 
scattering is given by the product of all possible two particles scattering am- 
plitudes. Further, the two particles S-matrix elements must obey the unitary 
and crossing symmetry constraints as well as the factorization equation i.e. 
the Yang-Baxter- Faddeev-Zamolodchikov equation. One of the more studied 
theories is the sine-Gordon (SG) model. The SG theory is defined by the 
Lagrangian 



L = l -d,ct>d^ + ^ cos f . (1.1) 

This model has an infinite number of conservation laws. Its dynamics is 
simple, but non trivial and the factorizable S-matrix was obtained in ref. [p]]. 
The ultraviolet limit of the theory corresponds to a single free massless boson. 
A massless non interacting boson cf) is in general compactified on a circle of 
radius R (4> = (ft + 2tcR). As a consequence, it is necessary to include for 
R 7^ 00 the instanton sectors and we have to deal with a non trivial one- 
parameter theory that defines | the so-called Ginsparg line . Varying the 
parameter R, we reach different points on the Ginsparg line, and there are 
particular points with a special symmetry such as supersymmetry, discrete 
symmetry and Kac-Moody symmetry |J. The SG model can be seen as a 
integrable deformation of this theory. In the limit m? = ~ we have 
the identification 

L SG (P) = L Boson {2R = (3/Att) + \J dx 2 ${x) , (1.2) 



2 A more careful analysis shows two critical lines which are one the orbifold of the 
other. 
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the operator $ has conformal dimensions h(<&) = h(&) = |- and |A| oc 

m V 8w / . For special values of /3, some unbroken symmetries of the con- 
formal theory show themselves in the perturbed theory. This is the case, 
for example, of the supersymmetry studied in refs. [|], |[. One of the 
most effective methods found so far for recovering the UV behaviour of a 
theory, whose factorizable S-matrix is given, is the so-called Thermodynamic 
Bethe Ansatz (TBA). That the thermodynamics of a scattering theory can 
be reconstructed completely from its S-matrix was known since the end of 
the sixties J?| , and the use of Bethe Ansatz technique to implement this pro- 
gram for integrable theories was written in a seminal paper by Yang and 
Yang || for a non-relativistic scattering problem. More recently in ref. 
Al.Zamolodchikov has proposed this method to investigate factorized scatter- 
ing theories corresponding to IQFT^. The TBA can be presented as a set of 
coupled non-linear integral equations describing the evolution of the Casimir 
energy of the theory on a cylinder along the RG flow. In spite of their ap- 
parent complexity, they are often numerically integrable without using very 
heavy computer resources, for each point on the RG flow, and show the pe- 
culiar property to be analytically solvable in the UV and IR limits, thanks to 
transformations leading to sum-rules of the Roger dilogarithm function. In 
the present paper, we study the SG theory in some special points. From the 
point of view of the free boson theory, these are the points with underlying 
coset symmetries Q. For this series of points we study, in the 

TBA framework, the property of the perturbed theory and its relations with 
the SO{n) group. This study permits us to propose the TBA equations for 
all the coset models perturbed by their relevant operators and 

G a group generated by one of the Q2, C n , B n simple Lie Algebras. 



2 The TBA equations for the sine-Gordon at 

8tt 2n+l 

The SG S-matrix is the minimal |l[ 0(2)-symmetric solution of the unitary, 
crossing and factorization equations. The two-particle S-matrix amplitudes 

3 By considering the ground state TBA we can not distinguish a model from its orbifold. 
This could be done by considering excited states TBA, instead. 
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for the scattering of a soliton A and the anti-soliton A can be written as 



A(9 1 )A(9 2 ) = S(e 1 -9 2 ,0A(e 2 )A(B 1 ) 

AtfjAfa) = s(e 1 -e 2 ,OA(e 2 )A(e 1 ) (2.3) 
A{e x )A{e 2 ) = s T {e x - e 2 , oA(e 2 )A(e 1 ) + s R (e 1 - e 2 , t)A{e 2 )A{e x ) . 



The soliton-antisoliton S-matrix S in a matrix form is 



S R (9,0 S T (9,£) 



( sinh (|(0 - ztt)) 



V 



-sinh 



s(e,o J 



-sinh (J( 



-sinh (|0: 



9) —sinh 



sinh ( |(0 — m\ 



So(9,C) 



sinh (|( 



m 



exp 



dk sin(^) sinh(^fc 
*: cosh (f ) sinh (f 



and 



1_£ 



(2.4) 



(2.5) 



the poles in for 9 = in — ij£ j = 1,2,... < 7r/£ are interpreted as A A 
bound state. They are the well-known breathers in the SG model. The 
breathers masses are 



M J = 2M n sin(^j j = 1,2, 



< 



7T 



(2.6) 



In eq. ( [2.6|) M n is the soliton mass. The two particle S-matrix for the scatter- 
ing breather-soliton and breather-breather can be obtained using the boot- 
strap equations. We have 



S 







sinh 9 + i cos (f ) <-i sin 2 (^f - f + 



n 



sinh - i cos (f ) ^ sin 2 " f 



(2.7) 



sinh 9 + i sin sinn 61 + 1 sin ( 

sinh 6 1 — i sin (^C) sinh ^ — ^ sin 

(^£ + 4) cos 2 (^£ + 2 



min(i,k) — l gj-Q 

x n -,, 

i = i sin 



-2/ 



£ + «n COS 



k+i-2l 



(2.8) 



We are interested in the SG theory at £ = — and m e Z + . In m = 2(n — 1) 
the reflection coefficient Sr vanishes and the theory is purely elastic. A deep 
analysis can be found in refs. 



10, 11, 12, 



]. The ground state in these 
points is equivalent to that of the ^^gg^^ 2 "^' perturbed coset theories. 
The perturbing operator is the field ^^ d , and its conformal dimensions are 



id,id\ 
adj ) 



h 



h + 2 



n 



(2.9) 



In eq. ( |2.9| ) h is the dual SO(2n) Coxeter number and h is n 
We are interested in completing the study of the theories 



SO(m) x x SO{m) 



id,id 
adj 



id,id\ 
adj ) 



h{<$> 



id,id\ 
adj I 



2 for SO(n) 



m 



(2.10) 



with m = 2n + 1 that is the orthogonal groups generated by the B n Lie 
algebra. We based our analysis on the ground state equivalence of these 
theories and the SG for £ = an d we applied the Algebraic Bethe Ansatz 



(ABA) procedure in order to extract information about the vacuum energy 
of the field theory at finite temperature 4 . Let us write the amplitudes 

(USB at f 



2tt 
2n-l 



in a more convenient form 

n 



S o (0) 



cosh W 



x exp 



+°° dk sm(k9) 
■oo A;4cosh 2 f^ 



T 



2 cosh (sf ) 



— T 



n— l,n— 1 



4 After the completing of this article H.Itoyama informed us that a variant of the sine- 
Gordon theory at these points emerges in connection with the higher spin N — 2 super- 
symmetry |Q. In that contest also H.Itoyama and T.Oota used the results obtained in || 
for the six-vertex model with free fermion conditions in order to obtain a TBA system. 
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(d) 



°n,m\ a ) 



exp 



exp 



dk sin(k9) \ 2 cosh (sf 
2 cosh (g) [2 cosh (^) - T 



m,n— 1. 



(2.11) 



— z 



+°° dksin(k9) 

-00 



2 cosh (^) — T 



In Q2.11D T a b is the incidence matrix of the tadpole diagram T n (see Figure Hf). 



n— 2 n— 1 



Mi = 2M sin 



Figure 1: The T n -i diagram is associated with the bosonic sub-sector of the theory. 
This is the only sector that survives after the quantum reduction. The reduced 
theories are the minimal non-unitary M 2i 2n+i perturbed via the fields $13. 



The first equation was obtained in refs. (JT5J, |i6fl . We obtain the second and 
the third from the bootstrap properties Q 

in \ 



SZz\{6)e l2 ^-^ = Si'l [ 9 -f 



2h) A ' 1 



9- 



2hJ 



(2.13) 



in 



X 



sinh (M _ + S i n h (M + + 



(2.14) 



9(x) = lim 

e— 



11 X 

— I — arctan — 
2 7r e 



if x < 

1 if a: = 
1 if x > 



(2.12) 
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via a Fourier transformation. The quantization equations for the system with 
TV solitons of mass M n and iV& breathers of mass Mi, i = 1, . . . ,n — lona 
circle of circumference L with periodic boundary conditions are 

N b 

e iLMM A(9\9 1 ,...,9 N )l[sii(6-9 k ) = 1 

fc=i 

N b N 

jLM^e -q 3^(9-9^ Y[S%i(6-0 k ) = 1 (2.15) 

k=l 

In ( |2.15| ) A(8\8i, . . . , 8n) is the eigenvalue of the trace T of the transfer matrix 

x - ft,) . . . Rt'^cA 6 ~ ^) ( 2 - 16 ) 



and 



A(0|0i, N ) = (il sinh (fa ~ )) + (-!) r II sinh (| 



8i - tit) x 



sinh (§(0 - - Z7r) J 



j= i sinh(§( % -0) 
The ?/j must satisfy the equation || 

JL sinhf|(0i - yj ), 

n — > l jyy = (-i) r+i . (2.i8) 

i=i sinh - 0* - m)J 

The solutions of eq. ( j2.18| ) are of the form y' = $le(y') + in/2, y' = 3?e(y') — 
z7r/2, y' = hy , = hy. Defining in the limit iV — > oo and L — > oo the 
densities Qp( n) i)(3?e(yi)) and p (ni3 )(3?e(y i )) we find 

Z7T J-oo COSIl(/i(0 — 2JJ 



6 To be more precise, in passing from the variable y' to the variable y we should 
introduce an additional index labelling the pseudoparticles. However, it is easy to see that 
the vacuum state can be correctly described introducing only two psedoparticle species. 
The resulting TBA system is in a more universal form. 



7 



.(J)=r°*-S5!W (2.20) 
J- 2 cosh (g) 

in eg. ( |2.19D i — 1,3 and pf n ^ is the density of roots (holes) of particles 
(j = 2) or pseudoparticles (j = 1,3); p (n j) = p^ + p^ is the density of 
states (roots and holes). From egs. (|2.15| ) we find 

P(n,2)(0) = ^COSh^+(^*p+ i2) )(0) + 

i n— 1 

+ ~ E(**(pU)-P(n,i)))( d ) + Y,(®k*Pt)(0) (2-21) 

Z i=l,3 fc=l 

pm = ^h^ + x: * + * 

Z7F m=l 

with 

*i,m(*) = -l^logflgOT = -*^log5o(<9) 

M») = -»^log^"(e) • 

In ( |2.21| ) Pj~(0) and Pj(#) are the density of roots and states for the particles 
of species j. Putting 

p_M^1 = 1 #(*) 1 (22 * 

%0(fl) " l + e W) l + e*W 1 ' JJ 

we obtain, after extremizing the free energy at temperature T = 1/R, 
RM n cosh9 = e (n , 2) (6) + ($ A *\og(l + e- £ ^))(6) + 

+ J2 * + e~ £ ^>))(0) + * Mi + e ' ek W) 



1=1,2 k=l 

RMjcoshe = £;(#) + ($ i *log(l + e- £ ("- 2 >))(#) + 



n—1 



^fe*log(l + e- £ '))(fl) j = l,...,n-l (2.24) 

k 

e (rM) (0) + ($ * log(l + e- £ (- 2 )))(^) z = 1, 3 
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with 



$a(9) = - 



+00 



cos(kO) 



00 ^4 cosh 2 (g) 



2 cosh 



2 cosh - T 



(2.25) 



n— 1 



The UV central charge is obtained using standard methods via the Roger [17 



[] dilogarithm function and its sum-rules. Using the stationary solutions e 
of eqs. ( p.24| ) at R = and putting y a = e e °, we have 



and 



7i^ 



a £ aii nodes 



21 ( - 



2/a, 



2/(n,2) 



i(i + 2) 2 = 1,... 

2 

= 2/(71,3) 



71 — 1 

n 



2n + 1 ' w " V,J; n + 1 
Making use of some property pointed out in ref. jI7 we find 
expected. 



(2.27) 

(2.28) 
= 1 as 



In order to find in a simple way the conformal dimension of the perturb- 
ing field it is convenient to move from the TBA equation to the Y-system 
associate equation |0J. Using the following mass spectrum properties f\ 



71 



2 cos ( - ) Mi 



71 



2 cos ( T ) M n _x 



71 



2 cos ( —rr I M, 
2h 



L(x) 



Mi_ x + Mi+i i<n-2 



71 



dy 



M n _ 2 + 2 cos ( — ) M„ 
-2/i/ 



log(y) log(l - y) 



y 



(2.29) 



(2.26) 



9 This property generalizes the well-known property which states that the mass spec- 
trum in the AT>£ scattering theories are the components of the Perron Frobenius eigen- 
vector of the incidence matrix of the associate Dynkin diagram. 
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M i = 2Msin( I ^ Ty ), i = l,...,n-l 

1 2 n-2 n-1 ™ = -W 



Figure 2: B„ diagrams. 



we find 



Y . (e + jZp y l (e - iVj = (i + + y <+1 (0)) i = i,... n -2 

Yn-X (9 + ijr) K n _x (0 - = (1 + Y(„,l)(0))(l + y ( «,3)(0))(l + n-2(0))>< 

x(i + y M (, + ^))(i + y (n , 2) (,-^)) 

(2.30) 

\ -1 / -, \ -1 



x (1 + ^(0)) 



7T \ /„ 7T\ / 1 



y Ml , + ^r M ^-^ = ^i + _j i = i, 3 . 

In eq. (|2.30|) = e^. It is possible to recursively demonstrate for the 

first few cases, and verify numerically in the others, that the Y-system ( j2.30| ) 
defines functions Y(6) with periodicity 

Y a (6) = Y a (6 + mP) P = ^i^ Va (2.31) 

h 
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(2.32) 



P is in relation with the conformal dimension of the perturbing field $ via 
the formula 

£ = 1-1 

8tt P 

This confirms our identification and the correct procedure in Bethe Ansatz's 
framework. Before concluding this section, we would like to give a graphic 
interpretation for the TBA systems obtained. Differently from the diagram- 

1, 



22, 



24, ie 



matic interpretation in the AVE cases |T8|, [19], |2(], [21] 
this graphic picture is not completely rigorous [3 it permits only a schema 
tization of the TBA equations, but it helps to give a more intuitive meaning 
to the topic we are dealing with. Because the presence of pseudoparticles 
in the theory it is convenient to introduce a graph with a number of nodes 
equal to the number of particles species ( black nodes) plus the number of 
pseudoparticles ones ( white nodes ). We define a TBA graph adding two 
magnonic nodes to the Dynkin diagram in correspondence to the soliton node 
n. This node is the lowest root node in the Dynkin diagram. The result is 
represented in Figure [|. 

Comments: In this section we have used the sine-Gordon S-matrix at f = — 
to study the ground state of the theory ( |2.10|) . The B n S-matrix can be ob- 
tained from the SG S-matrix through lattice model like orbifold 
the S-matrix is obtained one can hope to dress it by a Z-factor [[ 



Once 



con- 



taining only zeros in the physical strip to obtain the S-matrix for the associate 
Toda field theory. In this way the S-matrix proposed in ref. [28] for the Toda 



B n theory should be obtained. This work is in progress [29 



3 On the TBA equations for the supersym- 
metric sine-Gordon models 

The study of the SG and fractional supersymmetric sine-Gordon models 
(FSSG) |3(J in the repulsive regime is very interesting. In this section we 

10 However, it is possible to define some simple path-like rule in order to move from the 
graph to the Y-system, and, after a Fourier transformation involving the mass spectrum 



properties ( 2.29 ), to the associate TBA system. 
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o 



(n,3) 



n— 2 n— 1 



o 



(n,2) 
(n,l) 



Figure 3: The graph associate to the B n TBA equation. The black nodes 
correspond to particles, the white nodes to pseudoparticles. 



shall study the FFSG for the values 



_ 1 _ 2_ 

8tt k m 



(3.1) 



= 1, 2, . . . < (int[m/2] — 1) and m = 1, 2, . . . . These theories are related 
to those studied in the preceding section by a sort of TBA duality that 
permits the passing from the TBA equations of a model in the repulsive 
regime to a "dual" model in the attractive regime. The FSSG S-matrix can 
be obtained by the SG S-matrix using the gluing procedure at the massive 
node proposed in ref. ||. The FSSG model is an interacting theory of a 
boson and a generating parafermion 2%. The case k = 1 corresponds to the 
SG model, the case k = 2 is a supersymmetric N — 1 theory, in this case 
the fundamental interacting fields in the Lagrangian are a Majorana fermion 
and a boson. The interacting vertex in the FSSG model is 



V{<j>, *0 = g -^^ 1 (z)^ 1 {z)e-^ ( - z ~ z) + c.c . (3.2) 

In (U) the field * i(z) is the generating parafermion with conformal di- 

mension h{^>i) = and the conformal weights of the vertex e ^ are 

(£r'£r)" ^ e theory is integrable and has both local and non-local con- 
served currents. The UV limit is a theory of a boson and a parafermion at 



the compactified radius R = : ^ L - The renormalized coupling constant is 



«0 = l7iT?fe ' (3 ' 3) 
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The S-matrix is the tensorial product of the SG S-matrix Ssg and the re- 
stricted SG S-matrix S^ SG i.e. the Zk parafermionic theory obtained by the 
massive $13 perturbation of the minimal model M.k-i 

S$ssg{0) = S% SG (8) ® Ssg(x = e e ^, q = - e -/«) (3.4) 

The spectrum consists in a soliton and antisoliton pair with mass Ma and 
neutral bound states with masses 

M J = 2M A sm(^pj, j = l,2,...,<j . (3.5) 
We are interested in this theory for the values given in ( |3.1| ). For k = 1 and 



m = 2n the system has been studied in ref. |[22|| , these points correspond to 
the SG theory. The case k = n — 2 and m = 2n was studied in || and 
corresponds to particular points with supersymmetry N = 2. The TBA for 



k = 2, 3, . . . , n — 3 and m = 2n was proposed in ref. JT6[. All these TBA 
theories are of the magnonic type and encoded on a T> n Dynkin diagram 
(see Figure 0). This common structure derives from equation (|3.4j ) and in 
the TBA framework corresponds to the fusion of two graphs at the massive 
node (compare Figure |^ and Figure for k = 1 with Figure ). In order to 
complete this series one has to study the points with k = n — 1, in SG this 
is the free Dirac point and the corresponding TBA diagram consists in two 
non-connected nodes. Because the mass of the fundamental boson at fixed 
(3 is the only free parameter in SG, the two nodes are both massive and with 
identical mass. Because the TBA for the vacuum energy can not distinguish 
a model from its orbifold this TBA describes also the Ising 2 system i.e. 
two free massive Majorana fermions. We identify the two nodes in the two 
independent self-conjugate fermions It seems possible to generalize this 
to all the TBA in Figure [| with k — n — 1. This corresponds to a graph with 
all magnonic nodes, except the nodes n — 1 and n with masses m n _i = m n q 
The renormalized coupling constant is £ = it which is independent of n. We 
deal now with the case m = 2n + 1. We do not report the complete calculus 

n This means that, in the orbifoldcd system, we can have two different temperature 
perturbations and the TBA equations consist in two independent nodes with different 
mass terms 

12 Also in this case it seems possible to have m„_i 7^ m n . This should correspond to a 
two parameter perturbation of the orbifolded system at the generalized free Dirac point. 
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which is very similar to those reported in the first part of this work, but let 
us summarize the results obtained from our ABA analysis of the SG model at 
these points. It turns out that the TBA equations are described by a particle 
with mass Ma and n + 1 pseudoparticles. A peculiarity of these TBA is to 
have an antisymmetric integral kernel (for instance the <& n -i,n ones). In spite 
of this, it is simple to obtain a Y-system from the TBA equations which is 
similar to those proposed in the preceding section (see eq. (|2.30|) ) with the 
following modifications 

h -> 2 

Y a (0)^Y-\9) a=l,...,n-l (3.6) 

r (rM) (0)^y (rM) (0) 1 = 1,2,3 . 

One can obtain a symmetric TBA defining 

= Y m( ) i = 1,2,3 
Y a (6) = Y a {9) a = l,...,n-l , (3.7) 

so, we are dealing with a diagram like that in Figure [3| but now of magnonic 
type (see Figure for k — 1). From the equation (|3.4j ) it follows that the 
TBA systems in Figure f|] with mass term on the node k correspond to the 
generalized FSSG model at the points ( [3.1|) with m = 2n + 1. For k = n — 1 
we find, also in this case, special properties. At these points we have £ = n/2 
and there is a neutral bound state A A with mass \/2Ma- At this point the 
SG theory (k = 1) is reflectionless and the orbifolded theory contains three 
interacting Z 4 symmetric bosons. 

Comments: In this section we have noted, in the SG theory, a sort of duality 
relation from the repulsive regime to the attractive. The steps involved in 
moving from a theory to its "dual" are the following 

h&2 Y(6)^Y- 1 (6) Mi&Q i = 2,... M l ^M A . (3.8) 

After this procedure we have 

7 Aper & 1 - \er ■ (3.9) 

Also in the cases m = 2n this scheme is valid and we have checked the validity 
of this procedure for other rational points. We do not have a general method 
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for the ABA procedure, but in the attracting region, where we obtain a 
solution, we observe a more complicated magnonic structure. To understand 
this structure we can think to diagram like that in Figure [3], but with the 
nodes (n, i) replaced by a graph like those represented in Figure (| or those 
in Figure [| for k = 1. On the other hand, in the repulsive regime we 
find a structure identical to that in the attracting regime via a change like 



(|3.8 ). This procedure, whose validity can be checked a posteriori via the 
perturbation theory, can be used to find the TBA equations for the minimal 
model in points in which it is not possible to quantum reduce the SG model. 
Once the TBA system for the reduced model at the point 

£ P 



7r q — p 

it is know, the TBA system for the dual model 

1 = ZE = t 
7T £ q-p 



(3.10) 



(3.11) 



can be determined without passing through the reduced S-matrix, provided 
one determines the duality transformation completely. 



O — O 

1 2 




o 



•o 



n 1 



(n,3) 
(n,2) 

W) 



Figure 4: A diagram of the B n {TBA) type is associated with the supersymmetric 
sine-Gordon theories with parafermionic supersymmetry Z^'. k is the position of the 
massive node. 



4 Quantum reduction: flux between the mod- 
els 

At the points ( |3.1| ) with m = 2n it is possible to operate a quantum reduc- 



tion |yj of the model, this allows to obtain the perturbed SU ^su^ k +i 2 ^ 1 cose ^ 
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Figure 5: A diagram of the T> n (TBA) type is associated with the supersymmetric 
sine-Gordon theories with parafermionic supersymmetry k is the position of the 
massive node. 



theories with k + 1 — n — 1. The TBA diagram is represented in Figure ^.a. 
In the case k — 1 we have the minimal theories M. n + $13. The renormaliza- 



tion fluxes [32] between different points in the FSSG correspond, after the 



quantum reduction, to fluxes 

SU{2) k x 5^(2), 6^(2),_ fc x 6Z^(2) fc 

SW(2) fc+ , + ^ per 5W(2) Z + 9aet l4 ' ij 

with 

A(^ S ^)= (4.2) 

A( *-K 1+ db- 1+ dy • (4 - 3) 

At the points m = 2n + 1 the quantum reduction does not work. As con- 
sequence we can not consistently define the S-matrix for the reduced model 
from the FSSG theory. However, using the approach proposed in ref. ||, we 
obtain the Ai Pl q ground-state TBA equations adding an appropriate chemical 
potential to the sine-Gordon TBA at £ = We generalize this procedure 
to the FSSG model. Introducing in our theories a chemical potential in the 
same way of ref. ||, we obtain that the three nodes (n,i) decouple from 
the rest of the system and the associate TBA corresponds to the T n -\ TBA 
reported in Figure |^. b. We note that this is the same substitution done in 
the attracting case (see Figure [1]). So, from the substitution B n — > T n -\, 
we obtain the TBA equations for the theories with fractional supersymme- 
try proposed in ref. |TjJ: the coset models ^^^——^ with I — n — | and 
k = 1, . . . , n — 1. The non unitary fluxes in the FSSG theory correspond 
to non- unitary fluxes between the models fl4.1|,P , [4.3[ ). For k = 1 we find 
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the fluxes M.2n-i,2n+i + ^13 — > M 2n -3,2n-i + ^31 m agreement with the per- 
turbative results obtained in ref. [33], this seems to extend the validity of 
eqs. ( |4.1|J4.2| , [OD also for /, as supported by the results in ref. p3(] . 




1 2 3 k n-3 n-2 1 2 3 A: n-2 n-1 



(a) (6) 

Figure 6: (a) A diagram of the A n (TBA) type is associated with a quantum reduc- 
tions of the FSSG. In the case k = 1, we get the + $13 minimal theories. (b)Also 
the T n -i(TBA) diagram is associated with a quantum reduction of the FSSG the- 
ory. The theories have fractional supersymmetry. In the k = 1 case, we have the 
M-2n— i,2n+i + ^13 minimal theories. 



5 The theories 

^k+i 

In this section we shall generalize the results obtained in Section 1 to the 
general coset theory G h^ Gl with G any group generated by the non-simply- 

laced Qi-,T^B n ^C n algebras perturbed by the operator . Let us begin 
with the theories 

(G 2 )i x (G 2 ) 

1 . *.id,id 



(G 2 ) 2 
(F 4 )i x (F 4 )i 



+ ■ (5-2) 



At the conformal point these are also particular theories of the minimal series. 
The theory ( |5.1|) is the model A4g perturbed by the relevant operator $21 and 
( |5.2| ) is the model M.10 perturbed by $12. The scattering theories are those 
obtained by Smirnov in ref. [Q using a quantum reduction of the Izergin- 



Korepin model. The reduction must be realized at the point (see ref. ]51] for 
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more details) £ = ^ for the Qi model and £ = for JF 4 . As expected in the 
^-4 case the mass spectrum consists in four particles (see Table [|), and for Q 2 
three of the four particles degenerate so that the effective spectrum consists 
of two non degenerate particles. The mass ratio is reported in Table [J. We do 
not go further into this specific problem and we address the reader interested 
to these theories and the connection with the Toda theory with parafermions 



to the work p9fl . Here we mention that the counting argument applied to 
these models supports the presence of conserved charges with spin s = 1, 5 for 
Afg and s = 1,5, 7, 11 for Alio- The above spins coincide with the exponents 
of the corresponding Lie algebra. These results and those obtained in ref. p9 
support the following Y-system structure for the Q2 theory we have 

*('-t)*(' + t) " ( 1 + M' + 7))( 1 + M'-7))" 

x (1 + Y {2>1) (9)) (1 + F (2)5) (0)) (1 + F (2)3 )(0)) x 

K^))( i+y (^ 



Y { 2,3)(0-^)Y i2 , 3) {9 + ^j = (l+n(60)x (5.3) 



in eq. ( |5.3|) = 1, 2, 4, 5. The nodes 1 and (2, 3) are massive while the others 
are magnonic. For the T± case we have 

Yi (" " f) Yl (" + j) = C + i 'iW)( 1 + 5 '(3,i)(8))(l + 5'w)W)x 

x ( 1+ r M (, + -))( 1+yM (,_•)) 
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VK \ _ , / „ ITT 



F(3 ' 2) r " 18 ) F(3 ' 2) r + 18 J = ( 1 + ^W)(l + ^(4, 2 )W)x (5.4) 



i r 1 / i r 1 



l + T^^TT 1 



%,2) (e - ^) y(4 j2) (e + ^) = (i + r ( 3, 2) W)x 



i 1 r ' 



Y {Atl) {B)J V %3) (0). 



l7T\, r I „ ITT 



-1 



M'-i8JM s+ i5j = l 1 + TW«)J P + W«))x 

(l + y u _ u) (9)) J = 2,3 *=1,3 . 

The nodes z = 1,2, (3, 2), (4, 2) are massive, the others are magnonic. These 
Y-systems defines the correct UV central charge and, in agreement with 
the conformal dimension of the fields $12 and $21 > deal with functions with 
periodicity ^i^. Finally the IR asymptotic behaviour gives for the mass ratio 
those listed in Table U obtained from the Smirnov reduction. The natural 
generalizations of the Y-systems ( |2.30| , |5.3| , |5.4| ) are those proposed in ref. ME 



with a slightly different interpretation. Let us recall the structure of the Y- 
system proposed by Kuniba and Nakanishi. Let be the set of the simple 
roots of a simple Lie Algebra of rank r and define the Cartan matrix C ab , a 
symmetrized Cartan matrix B ab and the incidence matrix I ab as follows 



\Oi a \a a ) 



Lab 



max(t a ,t b ) (5.5) 



C a b — 2 -. °| 6 | , B ab — -^-C ab , I ab — 25 ab — B ab . (5.6) 
The Kuniba-Nakanishi's Y-system is 

y (o + ^\y (9 m \ nunt^^- 

M { htj Ym V htj (1 + VdW" 1 )!! + Y {a<m+1) (e)-i) 

F k= 11 11 1 + Y(b,t b m/t a+j ) d + f- (5.7) 



j=-k+l n=0 



ht b 
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with h = 1, Y{6) = e~ £ ( e \ I a positive integer, l a = tj, 1 < m < (l a — 1) and 
boundary conditions Y^^iO)' 1 = Y^ m )(9) = if m Z (see the original 
work for more details). They proposed this Y-system with all nodes massive 
for the description of the perturbation of the generalized Gepner parafermions 
G/U{l) r . We propose to put in (|5.7f) h equal the dual Coxeter number and 
y(0) = e £ ^ with magnonic asymptotic behaviour for all the nodes but for 
the nodes m = t a k 1 < k < (I — 1) where 

Y {a , m=tak) (e) ~ e Rm ° em R,\9\^<x> . (5.8) 

In eq. ( |5.8| ), the mass spectrum is as usual the Perron Frobenius eigenvector 
if G is generated by an AVE algebra. For G generated by the Q2, B n , C n 
algebras the mass spectrum is listed in Table [J. Using the sum-rules cited in 
ref. |5 



A £ L(^-) = l S^-r (5.9) 

71 a 6 all nodes \ * + V a ) l + h 

and putting k + 1 — I, we find as UV central charge the value of the G q* G ] 1 
models also in the non-simply-laced cases. We verified that the Y-systems 
( |5.7|) define functions with periodicity this is in agreement with the 

conformal dimension of the field Substituting to the massive term 

a right mover (m a cosh^ — ► m a e e /2) and putting a left mover m a e~ e /2 on 
the line / = I — k we define a massless flux between the theories G £ xGl and 

Gl ~^ Gk . In the IR region the attracting operator is the least irrelevant, its 

conformal dimensions are h{$ act ) = h{^ act ) = 1 + (see Figure |^). 

6 CONCLUSIONS 

In this article we analysed the sine-Gordon model for special values of the 
coupling constant where the theory is equivalent (up to an orbifold) to the 
coset theories ,9Q( ' 2w ig ^ :L 2 : ^' 5 ^ 2n ^ 1 ^ . We found that at these points the S- 
matrix is not diagonal. As a consequence, we must apply the Algebraic Bethe 
Ansatz technique to extract information about the ground state energy of 
the model. Despite this complexity, the ABA works in a rather simple way. 
The result can be written in a universal form, and, using the properties 
of the mass spectrum, we obtained the associate Y-system and verified the 
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correct periodicity and the correct UV behaviour. In the second section 
we studied the sine-Gordon model in special points of the repulsive regime 
related by a sort of duality property to the theories studied in the attractive 
regime. In this part we also put forward new remarks about the fractional 
super symmetric sine-Gordon. In the third part we have faced the general 
problem of the coset models G q*^ 1 + ^adj generated by a non-simply-laced 
Lie algebras. We started the analysis from the bottom models of the Q 2 
and T± coset theory. The results obtained for these models combined with 
those obtained in the B n case confirm a Y-system structure generalizing that 
proposed by Kuniba and Nakanishi. We hope to return to the topic soon 
and to complete it by giving the set of S matrices for the non-simply-laced 
Toda field theory with parafermions and to confirm the S-matrix obtained 
in ref. [^| for the B n cases. 
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r 


2 cos (£) Mi = Mi_ x + M i+ i , i<n-l 
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n-1, 2) 







(1,1) (n-1,1) 

Figure 7: 02,^4, B n ,C n diagrams. The numbers show the labelling of the different 
nodes. On the right of the arrows there is the Dynkin diagram, on the left the 
corresponding TBA "graph" for the Gl ^ Gl deformed coset theories. 
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(a) (b) 

Figure 8: (a) The graph associated to the massive S ° { %~o^n-^!^ 1)l + $ adf 
TBA systems. The white nodes correspond to speudoparticles and the black to 
particles the mass ratio is in Table 1. (b) The graph associated to the massless 

S ° (2 so%n X -\° k { +r 1)l + ®a d dj d TBA s y stcms - The white nodes correspond to speu- 
doparticles and the black nodes correspond to right or left movers the scale ratio is 
in Table 1. 
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